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Abstract 
Let A be a finite dimensional, basic algebra over an algebraically closed field k. We compare 
the Hochschild cohomology group H’(A) = H’(A,A) with the simplicial cohomology groups 
SH’(A,Z) defined in [6] for any abelian group Z. We show that SH’(A, k+) is always a subspace 
of H’(A) and in case A is schurian SH’(A,k+) is a subspac.: of H’(A) for i 2 1. We show 
several consequences of these results. @ 1999 Elsevier Science B.V. All rights reserved. 
AMS dussijication: 16E40; 16G 10; l6G60 
Let A be a finite dimensional algebra (associative with unit) over an algebraically 
closed field k. 
For a finitely generated bimodule AXA, the Hochschild cohomology groups 
H’(A,X) (i 2 0) were introduced in [14]. We shall write H’(A) = H’(A,A). The 
low dimensional groups H’(A) (i < 2) have a classical interpretation and play an im- 
portant role in representation theory: Gemstenhaber [12] has shown some connections 
between H’(A) and the deformation theory of A (see also [Ill); H’(A) is related to 
the separation properties of the vertices of the quiver of A (see [ 1,13,20]); there are 
some relations between the vanishing of H’(A) and H*(A) and the representation-type 
of A (see [ll, 13,201). 
On the other hand, Bretscher and Gabriel introduced in [6] methods of singular 
homotopy of triangulated spaces for the study of finite dimensional algebras. Given a 
semi-normed basis B of A (see 1. l), they define a complex C.(A) and the simplicial co- 
homology groups SH’(A,Z) as the cohomology groups of the complex Hom&C.(A),Z) 
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with coefficients in any abelian group Z. The study of the low cohomology groups 
SH’(A,Z) (i 5 2) has been also important: the vanishing of SH’(A, Z) is related to 
the separation properties of A ([6], see also [l]); the vanishing of SH2(A,k*) implies 
the existence of multiplicative basis for A, which is a central argument in the proof 
of existence of multiplicative basis for representation-finite algebras in [2] (see also 
[6, 161 for this approach. We recall that a basis ei, . . . , e, of A is multiplicative if eiej 
is either 0 or another basis element). 
One of the aims of this work is to establish relations between the cohomologies 
SH’(A,Z) and H’(A) (see [l] for some results concerning i = 1). Our best results 
are obtained in case A is schurian, that is, AA = $blPi is a direct sum of pairwise 
non-isomorphic indecomposable modules and HomA(Pi,Pj) is at most one dimensional 
for every pair (i,j). We show in Theorem 3 that SH’(A,k’) is always a subspace of 
H’(A) and in case A is schurian SH’(A, k+) is a subspace of H’(A) for i > 1. Among 
other consequences we prove the following theorems. 
Consider a basic algebra A as a k-category with objects { 1,. . . ,n}, where AA = 
@=, Pi is an indecomposable decomposition and morphisms A(i,j) = HomA(Pi,Pi), 
see 1.2. A functor F : A --) A between two k-categories is a Galois covering given by 
the action of a group G of automorphisms of A” if G acts freely on the objects of A” 
and F is the induced quotient map 2 --) A = A/G. For the role of Galois coverings in 
representation theory see [5,6,8,14,15]. 
Theorem 1. Let A be an algebra accepting a Galois covering F :A” ---f A dejned by the 
action of a free group G and such that A” is a schurian category. Then dimk H’(A) > 
rank G. 
Among algebras accepting Galois coverings as in the statement of Theorem 1 we 
have distributive algebras [2], tree algebras (which accept only trivial coverings) and 
others. 
Theorem 2. Let A be a triangular, schurian algebra with global dimension at most 2 
and H2(A)= 0. Then A has a multiplicative basis. 
The proofs of the theorems are given in Sections 2 and 3 after the presentation of 
some relations between the cohomologies. In Section 4 we compare the cohomologies 
of an algebra A and the quotient A/G by the action of a finite group G. 
1. Simplicial homology of algebras 
1.1. Let A be a finite dimensional k-algebra which is basic and connected, that is, the 
associated quiver Q of A is connected and there is an onto map v : kQ + A from the 
path algebra kQ of Q such that the images {V(R): c[ E Qi} of the arrows Qi of Q 
induce a basis of the quotient rad Al rad2 A. The ideal I of kQ such that kQ/IlA is 
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an admissible ideal. In case we want to stress the choice of {V(E) : u E Qi } we write 
(4,~) for A. We shall consider A as a k-category, see [2]. 
In [6] methods of singular homology of triangulated topological spaces were intro- 
duced for the study of finite dimensional algebras. We consider the definitions with 
the generalization introduced in [ 161. 
For every pair of vertices x,y E Qs, let ,B, be a basis of the k-space A(x,y). We 
say that B = Ux,yEQo y B, is an semi-normed basis if for every vertex x E Qo, the 
idempotent e, E xB, and for every arrow x3y, also V(N) E ,B, and for every (T, CJ E B 
the product OCR’ is 0 or a scalar multiple cs(a, u’)cr” for some cr” E B. Of course, B is 
multiplicative if cg(cr,cr’) E (0, l} always. 
Let (A, v) be an algebra with a semi-normed basis. We define a chain complex C.(A) 
in the following way: Co(A) is the abelian group free in Qa,Cr(A) is the abelian free 
group in B and for every s 2 2, C,(A) is the free abelian group generated by the chains 
(fJl,c72,..., ox) E B" such that oirr2 . . os # 0. The face operators d, : C,(A) ---f C,_,(A) 
are induced by the rules: 
d,(a) = y -x, if rr E YBx; 
for s > 1, ds(aI,a2 ,..., a,) = (02 ,..., as) + zy,,(-l>i”(ai ,..., [ai-i,ai] ,..., G,) + 
(- 1 )s(m,. . . , o,_ 1) where we have denoted by [cr, (~‘1 the element in B such that (TO’ = 
cg(cr, a’)[~, a’] whenever cg(cr, a’) # 0. 
It is trivial that dld2 = 0. For s > 1, the associativity of the product in A implies 
that d,d,+, = 0. The nth homology group M,,(A) of C.(A) is called the nth simplicial 
homology group of A (with respect to the basis B). 
If Z is an abelian group, the cohomology group SH”(A,Z) of the cochain-complex 
Homz(C.(A),Z) = C’(A,Z) is called the nth simplicial cohomology group of A with 
coefficients in 2. 
1.2. Remarks. (1) A basic algebra of the form A = kQ/Z is identified with the category 
with objects QO and morphisms A(x, y) = HomA(P,, P,) where P, is the indecompos- 
able projective associated with the vertex x. Any category A of the form A = kQ/Z is 
said to be schurian if dimk A(x, y) 5 1 for every pair of vertices (x, y). Observe that 
not all schurian algebras have multiplicative basis. See also 2.3. 
(2) If A is schurian, the above definition of the simplicial cohomology coincides 
with the definition given in [2]. If A is distributive, then C.(A) is the complex C.(P) 
associated to the ray category of A in [8]. 
(3) Let k* be the multiplicative group k \ (0). The group SH2(A, k* ) contains a 
canonical class given by CO(G, a’) E k* for every pair (a,~‘) E Cz(A) (indeed, the 
associativity of A yields a 2-cocycle CO :Cz(A) + k*, its class CO E SH’(A,k*) is the 
canonical class). Reversely, given a 2-cocycle c : &(A) + k*, we construct an algebra 
AC with underlying vector space A and multiplication D CT’ = c(a, a’)[~, CT’], whenever 
ca(~,cr’) # 0 (the associativity follows from the cocycle condition). If two 2-cocycles 
c,d are cohomologous, then A’s Ad (see [2,6]). 
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In particular, if SZZ2(A, k*) = 0, then A admits a multiplicative basis (indeed, 
co(c, c’) = f(a)f([a, a’])-‘f(cr’) for some f E C’(A, k’), then the basis 6 = f(a)-‘o 
with rr E B, is multiplicative). 
(4) The algebra A’ associated with the trival 2-cocycle is called the standard form 
of A. By definition, A’ has a multiplicative basis. 
1.3. We shall consider some examples. Let CA = kQlr, be the algebra given by the 
quiver Q 
a22 
. 
a32 
and ideal Zl generated by ~113~112~(11 + 0123~~22~121 + &3a32a31 for ;1 # 0. Then CA is a 
canonical algebra. It is clear that CA does not accept a semi-normed basis. 
To define the main class of algebras that we will consider, we need to recall some 
definitions. Let v: kQ --) A be a presentation of A with ker v = Z admissible. The 
universal cover F : (A, J) -+ (A, v) is constructed in [ 151 in the following way: let 
W be the set of all walks in Q starting at a fixed vertex x0. We denote by N the 
equivalence relation in W induced by the elementary relations, 
(a) if x$y is an arrow in Q, aa-’ N eY and a-la N ex; 
(b) if Cy=i AiUi E Z(X,_Y) is a minimal relation, that is, m 2 2 and for all 0 # J s 
(1 , . . . ,m}, Ci,-J cliui @ Z(X, y), then ui N ui for every 1 < i, j 5 m; 
(c) if u N v, then WUW’ N wvw’ whenever the product makes sense. Then Q, = 
W/N are the vertices of a quiver Q with [wi]$ [awl] for any a E Ql. Let rc: 0 -+ Q 
be the natural projection, I” the maximal admissible ideal of ko with n(i) = Z and 
?: ko -+ A” = k&l” the canonical projection. The induced functor F :A + A is a 
Galois covering defined by the action of the fundamental group ret (A, v) (in the sense 
of [51). 
We say that (A, v) is appropiate if its universal cover 2 is a schurian category and 
the fundamental group zl(A, v) is free. 
Proposition. Let (A, v) be an algebra such that (2, v”) is a schurian category. Then A 
admits a semi-normed basis. 
Proof. Let F: (A”, v”) + (A, v) be the covering functor associated with the universal 
cover. We first construct a rci(A,v)-invariant semi-normed basis of 2. Indeed, let L = 
{(x, v) E &:a(~, y) # 0). Then x,(A, v) acts freely on L and for each class 8 E 
L/z,(A,v) we may choose a path Y~X from x to y such that (x,y) E 6’ and the class 
in A” , Y~x = & # 0. We set gY%x := gY&, for g E z~(A,v). Since A” is schurian, this 
is a semi-nonned basis. 
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Let .? E Qe and choose x E Q, with Fx = X. Since eFY+ A^(x, y)sA(x, j), then 
& = {FYcx: Fy = jJ and (x,y) E L} is a basis of A($?). By the rrt(A,v)-invariance 
of the chosen basis of A, the basis B = U yB,- is defined independentely of the selected 
liftings Fx = X. Hence for G E jB,- and rr’ E ?B,- we may select (x, y), (y, z) E L and 
0 = F+x, CT’ = Fz~y such that ,E, y&X = &E, for some 3, E k and rs’cr = FEES +, = 
LFZEX. q 
1.4. Examples. (1) Let (A, v) be a distributive algebra, then A = k(P) for a ruy- 
category P, see [2,8]. Then d = k(p) for the universal covering f : E? + P as defined 
in [2]. In [8], it is shown that nl(A,v) = nl(P) is a free group and r? is interval- 
finite (in particular, Q has no oriented cycles and A” is schurian). Therefore (A, v) is 
appropiate. Moreover, SH*(A,Z) = SH*(P,Z) = 0 for any abelian group Z and A has 
a multiplicative basis. 
(2) Consider the algebra A, = kQ/Zfj given by the quiver 
and IP generated by Pixt - /?2012 and /?*a, - pfl,az for p E k*. These algebras have ---- -- 
a semi-normed basis given by B = {el,e*,e3,al,C12,P1,P*,~~~,,~*~~}. For the given 
presentation vP : kQ -+ A,, the universal cover (d,, GP) is schurian and the fundamental 
group xl(Ap,vp) is cyclic of order two. Hence (Ap,vp) is not appropiate. In [lo], it is 
shown that for p # 1 and Char k # 2, the algebra A, is tame of polynomial growth 
(indeed, A, = C[A42. @M-J, where C is the Kronecker algebra and ML and M-i, with 
lb2 = p, are two simple regular modules lying in different ubes of the Auslander-Reiten 
quiver I?c). Moreover, if p = 1 and Char k = 2, the algebra Al is of wild type and 
AI q4 A, for p # 1. By 1.2, we get that SH*(Al,k*) # 0. In case Chark # 2, Apz D 
for all p E k’ with D = kQ/I’ where I’ = (&cx~, /?ic(z) (indeed, consider the change of 
basis, M{ = xi f ,&x2, ~1 = c11 - 1~12, /3’, = ,!3t +,4-lp2, flk = pi - AW1/32, where A2 = p); 
in particular, A, has a multiplicative basis. The algebra D provides an example of an 
appropiate algebra which is not distributive, moreover X2(D) # 0 and SH*(D, k*) # 0 
(to check the last claims, see 1.5). 
(3) Observe that the Kronecker algebra A = k [ -s. 1 provides the easiest example 
of an appropiate algebra which is not distributive and such that SH*(A) = 0. 
1.5. Let A = kQ/Z be an algebra with a semi-normed basis and fix the complex C.(A). 
As observed in [2,6], the universal coefficient heorem of homological algebra provides 
exact sequences 
0 + Extz(SH,_i(A),Z) --f SH”(A,Z) + Homz(SH,(A),Z) + 0, n > 1. 
In particular, SH’(A, Z)zHom&SHi(A), Z). On the other hand, we may identify SH’ 
(A,Z) with Horn (nl(A, v),Z) (indeed, for a 1-cocycle f we consider f: nl(A, v) -+ Z 
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as j‘([ctB-’ y -. .I> = f(i) - f(j) + f(y) + . . .; the non-canonical inverse is given 
by choosing walks w, from a fixed x0 to each x E QO and associating to each h E 
Hom(nl(A,v),Z) a 1-cocycle h’ given by h’(a) = h([w~‘ow,]) for d E YBX. (See [6] 
or [2, lO.l]). Moreover, since Hom(n1(A, v),Z) = Homz(nl(A,v)/7cl,(A, v),Z), where 
7~’ is the derived group of 7c, we get that SHi(A) = XI@, v)/$(A, v). 
If SH2(A,Z) = 0 for every abelian group Z, we get that SE&(A) = 0 and SHl(A) is 
a free abelian group. Observe that if Char k = 0, then SH2(A, k”) = 0 is enough for 
S&(,4) = 0 (since k* is an injective cogenerator in modi?). 
1.6. We shall assume in this section that A is a triangular algebra, that is, Q is a quiver 
without oriented cycles. 
Let s be a source in the quiver Q of A and denote by B the full subcategory of A 
formed by the vertices Qo \ {s}. We may decompose B = B1 x . + . x B, as a product 
of irreducible factor algebras and rad P, = Ml $ . . $ M, where A4, is a Bi-module. 
We recall that s is said to be separating [3,6,8] if M; is indecomposable for every 
lIi<r. 
Following [20] we say that A is strongly simply connected if for every convex (= 
path closed) subcategory B of A, every source in the quiver QB of B is separating. 
The next result was observed in [6] for schurian algebras. 
Proposition. Let A = kQ/I be an algebra such that Q has no oriented cycles. Assume 
that A has a semi-normed basis. Then the following are equivalent: 
(a) A is strongly simply connected; 
(b) for every presentation v: kQ + A and every convex subcategory B, the funda- 
mental group zl(B, vi) is trivial; 
(c)for every convex subcategory B of A, the homology SH,(B), dejined with respect 
to the given semi-normed basis, vanishes. 
Proof. (a) + (b) was shown in [18, 2.31; (b) + (c) follows from the remarks in 1.5. 
(c) + (a): Of course it is enough to show that any source s of Q is separating. Let A = 
B[radP,], B = B] x . . . x B, an irreducible factorization and rad P, = A41 @ . . .@ M,. be 
a decomposition with Mi E modsB,. Moreover, let t be the number of indecomposable 
summands of radP,. In [l] it is shown that there are canonical maps Cj : nl(Bj, vi) + 
nl(A, v) such that the induced sequence 
0 -+ z’-’ + Hom(7rl(A,v),Z) ‘c/‘: hHom(nl(Bj,v(),Z) 
j=l 
is exact. Since by 1 S, SH,(A) = 0 is the abelianization of nl(A, v), t = r. 0 
Remark. In [7, (2.6)] it is shown that for a schurian strongly simply connected algebra 
A we have SH,(A) = 0 and SH”(A,Z) = 0 for any n 2 1 and all abelian groups Z. 
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2. Hochschild cohomology 
2.1. We briefly recall the construction of the Hochschild cohomology H’(A) of an 
algebra A. Consider the bimodule AAA and the complex (Cl, d’)IE~ defined by C’ = 0, 
d’ = 0 for i < 0, Co = AAA, C’ = Homk(A@l,A) for i > 0, where A@ denotes the 
i-fold tensor product A @k . . @k A, do : A + Homk(A,A) with (d’x)(a) = ax - xa and 
d’ : Ci --+ Cif’ with 
+(-l)‘+‘f(al @3...@uj)u;+, 
Then H’(A) = H’(C) is the ith Hochschild cohomology group of A (with coeffi- 
cients in AAA), see [13,14]. 
2.2. The following are relevant facts 
(a) [ 131 Assume A = B[M] where 
long exact sequence of the form 
concerning Hochschild cohomology: 
M = rad P, for a source s of Q. Then there is a 
0 + Ho(A) --f Ho(B) 4 End&U@ + H’(A) ---) H’(B) + Ext#,M) 4 . 
+ H’(A) + H’(B) + ExtB(M,M) -+ . . 
(b) [13,20] Let A = kQ/Z be such that Q has no oriented cycles. If H’(A) = 0, then 
all sources of Q are separating. 
Moreover, A is strongly simply connected if and only if for every convex subcategory 
B of A, the first Hochschild cohomology H’(B) vanishes. 
(c) For f E ker d2, there is an associative algebra with unit A IX~ A defined on the 
k-vector space A @A and with multiplication (a, b)(u’, b’) = (au’, ub’ + bu’ + S(u @a’)). 
Two structures A [of A, A [xg A are isomorphic if and only if f and g represent the 
same element in H2(A). 
(d) [12] A one-parameter deformation of A is a structure of k[[t]]-algebra on 
k[[t]] 6% A given by f : A @k A --) k[[tl] @k A, where f(a 8 b) = ub + t C3 .fl(u ~3 b) + 
t* @ f2(a @ b) + . . . for k-bilinear morphisms fi : A x A -+ A. If H2(A) = 0, then A 
is nnulyticully rigid, that is any one-parameter deformation of A is isomorphic to the 
one given by fi = 0, for i 2 1. Moreover, if H3(A) = 0 and A is analytically rigid, 
then H2(A) = 0. See also [ 1 l] for other rigidity conditions. 
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2.3. Examples. (a) Consider the schurian algebra A,J = kQ/I)., where Q is given by 
and In is generated by ptar - 72~12, j&c12 - ytcq, 6tj3t - 62~1, &y2 - X$/?Z, for some 
A~k\{0,1}. A s o b served in [4], this algebra does not accept a multiplicative basis 
and therefore SH2(A,,k*) # 0. Moreover, by 2.2a, H’(Ai) = 0 and H2(Aj_) = k. 
Observe that Ai is not strongly simply connected. 
(b) Let A be a strongly simply connected of (tame) polynomial growth. By [ 181 
(see also [ 11,201) Exti(A4,M) = 0 for every indecomposable A-module M and i 2 2. 
Hence H’(A) = 0 for i 2 3. The case H2(A) = 0 is characterized in [20] (see also 
[ 111); in particular, for every algebra with H2(A) # 0 a one-parameter deformation of 
A is given. 
2.4. There is a convenient way to compare the simplicial cohomology SH’(A, kf) of 
A with coefficients in the additive group k+ of k with the Hochschild cohomology 
H’(A). Assume A admits a semi-normed basis B and consider SH’(A, kf) with respect 
to this basis. For each n E N, we define the k-linear map 
E, : Horn&C,,(A), k+) 4 Homk(A@‘., A) such that for f : C,,(A) --) kS 
and (ot,..., a,) E B” we have E&-)(o~ @ ... @ a,) = f(~t,...,cr~)ct ‘..a,, E A, if 
(Cl,..., 0,) E C,(A) and 0 else. 
Lemma. With the above notations, d”E, = En+ld,‘+l, where d,* = Homz(d,,k+). In 
particular, E,, induces a k-linear map &, : SH”(A, k+) + H”(A). 
Proof. Consider f E Horn&C,(A), k+) and (or,. . . , o,,+l) E C,+l(A). Then 
d"df)(m @a... @an+11 
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+(-l)“+‘f(o I,..., &)Cq . . . Qn+l 
=d~+,(f)(al,...,cr,+l)ol... c-Jr?+1 = E,+l(d;+,(f))(~l @ . ‘. @ CJn 8 cJn+l). 0 
2.5. One of the central remarks of this work is the following. 
Theorem 3. (a) The map l1 :SH’(A,k+) -+ H’(A) is always a monomorphism. 
(b) If A is schurian, for n > 2 the map 5, : SH”(A, k+) + H”(A) is a mono- 
morphism. 
Proof. n = 1: Let h E kerd; be such that f = El(h) E Imd’, say f = do(a) for 
some a E A. For each x E Qa, consider the basis {e, = o-&d;, . . . ,c$} = J3, and 
e,ae, = ,lGex + px with pX = ~~=, A:@ nilpotent, for some p(x) = A$,$, . . . , Air E k. 
For any CJ E YBx we have 
h(a)o = f (0) = aa - oa = eYaeYc - oe,ae, = (p(y) - ,u(x))a + ho - op,. 
In case h(a) # P(Y) - P(X), we could choose a maximal m such that D E rad”‘A, but 
then 0 # [h(a) - (p(y) - p(x))]a = pYc - op, E radP+‘A, a contradiction. Hence 
h(o) = p(y) - p(x). Therefore for p: Co(A) -+ k+ we have d?(p) = h and the class 
& = 0 in SH’(A,k+). 
n 2 2: Since A = kQ/I is schurian, we may consider a basis B of A such that each 
(T E ,B, is of the form G = Yii, for a path YpX (from x to y) in Q. Let h E kerd,‘,, 
be such that f = e,(h) E Imd”-‘, say f = d”-‘(g), for some g E Homk(A@-‘,A). 
For any ((~1,. . . , o,_l) E C,,_,(A) with CT~ E.,&,+, we have e,,g(cri @.~~@o,,_i)e,~ = 
i.(CJ, ,...,on-lb1 . . . cm_ I. We claim that di(E,) = h, a fact that we check for it = 2. 
For any (rri,crz) E Cz(A) we get 
=%57(~1)%~2 - co(ol,a2>e,,g([ai,o2I)e,, + ole,,g(o2)e,, 
= OXa,) - 4[a1,(721) + 4c72)kl~2. 0 
2.6. Proof of Theorem 1. Let (A, v) be an appropiate algebra with fundamental group 
7c,(A, v). Hence by 1.3, (A, v) has a semi-normed basis with respect to which we 
consider the simplicial cohomologies SH’(A, k+). By 1.5 and 2.5 we have 
Homh(ni (A, v)/ni(A, v), k+) e SH’(A, kf ) A H’(A). 
Since nl(A,v) is free, we get dimk H’(A) > rank xl(A,v). 0 
Corollary. Let A be a monomial algebra (that is, A = kQ/I and I is generated by 
paths). Then H’(A) = 0 if and only if A is a tree algebra. 
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Proof. If A is a tree, it is well-known (see [13]) that H’(A) = 0. For the con- 
verse observe that a non-tree monomial algebra always accepts non-trivial Galois 
coverings. Cl 
3. The schurian case 
3.1. As we have seen in 2.5, for a schurian algebra A we get inclusions 
SH”(A, k+) of H”(A) for n 2 1. Some of these spaces may be more precisely evalu- 
ated. 
As shown in [2, (S.l)] we may identify a basic element o E @I with the pair (y,x) 
and elements in C,(A) with sequences (x0,x1 , . . . ,x,,) of pairwise different vertices such 
that A(xo,xl ) . . . A(x,_ 1 ,x,,) # 0. For any vertex s in Q we define AS the full subcategory 
of A formed by those vertices t such that A(s, t) # 0 and endowed with the partial 
order t 5 t’ if and only if A(t, t’)A(s, t) # 0. If s is a source, let A(‘) (resp. ?‘) 
denote the full subcategory of A (resp. AS) obtained by deleting the vertex s. By [6], 
the canonical inclusions of AS and A(‘) in A induce an exact sequence of complexes 
0 -+ C.@)) ---f C.(,?) $ C.(A@)) + C.(A) + 0 
which yield a Mayer-Vietoris sequence 
. . . + SH,@‘) -+ sH,(& @ SH,(A@)) + SH,(A) + SH,-,$“) 4 . . 
Dually, for a sink vertex t we consider full subcategories A_,,& and Act) defined in 
the obvious way. There is also a corresponding Mayer-Vietoris sequence. 
Proposition Let A = kQ/I be a triangular, schurian algebra such that for any two 
vertices x and y in Q with A(x, y) # 0, the intersection A-(‘) flA+) is strongly simply 
connected. Then 
(a) SH,(A) = 0 for any n > 3; 
(b) SH”(A,Z) = 0 for any n > 3 and any abelian group Z; 
(c) SH2(A) is a free abelian group. 
Proof. (a) Let s be a source in Q. Observe that AS is a poset algebra with a unique 
maximal element, then by the first step of 2.6 in [6], we get SH,#) = 0 for any n > 1. 
By the Mayer-Vietoris sequence and induction (on the size of A) we get SH,(A) = 0 
for n 2 4 and an inclusion SHs(A) it SHz(A@‘). We shall show that for any convex 
subcategory B of A(‘) we have SHz(B) = 0. Indeed, let t be a sink of B, then we get 
an exact sequence SHZ(B(~)) ---f SHz(B) + SH,(I3,,,). The first term of this sequence 
vanishes by induction hypothesis and the fact that &(,) is a convex subcategory of 
AcS) n 4t, and therefore strongly simply connected. Moreover, by 1.6, SHl(B+,) = 0. 
Hence SHz(B) = 0. In particular, SHz(A”‘) = 0 = SHJ(A). 
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(b) The sequence 
. . 1 -+ C,+,(A) -i C,(A) ---f . . . -4 C3(A) ----f Im d3 + 0 
is exact and since Imds c C*(A) is free (abelian), it splits. Hence SH”(A,Z) = 0 for 
any abelian group Z, n 2 3. 
(c): By 1.5, Exti(SZ&(A),Z) = 0 for any abelian group Z. Hence S&(A) is free 
abelian. q 
Remark. (1) Compare the above results with those mentioned in remark 1.6. 
(2) An interesting example satisfying the hypothesis of the proposition is the alge- 
bra A given by the quiver 
with all commutativities. On the other hand, as in 1.4, W*(A) # 0. 
(3) Let A be a schurian algebra with A(s, t) # 0 and such that A@) n 4t, is not 
strongly simply connected, then g e dim A > 3. Indeed, by [7], AcS) n A_(,) contains a 
convex ‘crown’ and therefore A contains a full subcategory which is a ‘suspended 
crown’ of the form 
3.2. Proof of Theorem 2. Let A be a schurian algebra with g e dim A 5 2 and H2(A) = 
0. By 3.1, S&(A) is a free abelian group. Moreover, 2.5 and 1.5 imply that 0 = 
SH’(A, k+) = Homh(SH,(A), k+) and hence S&(A) = 0. This in turn implies that 
SH*(A, k*) G Ext:(SHi(A), k’) = 0, since k* is an injective Z-module. Thus A has 
a multiplicative basis. 0 
4. Finite Galois coverings 
4.1. The following rather well-known remark reduces the study of appropiate algebras 
to schurian algebras. 
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Lemma. Let (A, v) be an appropiate algebra. Then there is a Galois covering F : A’ + 
A de$ned by the action of a jinite group G such that (a) A’ is a schurian (finite 
dimensional) algebra and (b) Char k /y (G(. 
Proof. Let Fo :A” + A be the universal Galois covering defined by the action of the 
free group rci(:= zl(A, v)). For every object x in A choose x” in A” with F(2) = x. 
Let B be the full subcategory of A formed by those y in A” such that A(?, y) # 0 or 
A”(y,f) for some x”. Then B is finite and the set L = {g E rci \ { 1) : g(B) f7 B # 0) is 
also finite, since rci acts freely on A”. Since rci is free (and hence residually p-finite 
for p = Char k), then there exists a normal subgroup N of rci such that LflN = 0 and 
p ,i’ [x1 : N]. Let F :A’ + A be the induced cover defined by the action of G = xl/N. 
If A’ is not schurian, we may choose linearly independent functions fi, f 2 E A/(x’, y’) 
such that F(J;) = F&) for a 3 E A(.?, yi) with F(x’) = x, i = 1,2. Hence y2 = g(yi) 
for some g E L, but yr, y2 being liftings of F( y’) implies that g E N. A contradiction 
which shows the result. 0 
4.2. We indicate some simple relations between the different cohomologies of A’ and 
A’/G when G is a finite group acting freely on A’. Compare with [6, 191. 
Let (A, v) be an appropiate algebra. Fix a Galois covering F : A’ + A defined by the 
action of a finite group G such that Char k 1 IGI and such that A’ is schurian. As in 
1.3 we can select semi-normed basis B’ of A’ and B of A such that B’ is G-invariant, 
that is gB’ = B’ for every g E G and F(B’) = B. We consider the complexes C.(A’) 
and C.(A) relative to these basis. 
We define pn : C,(A’) + C,(A) in the obvious way using F (note that F is faithful). 
Lemma. With the above notations, u,, induces a map p, : SH,(A’) + SH,(A). For any 
abelian group Z there are corresponding maps @ : SH”(A, Z) -+ SH”(A’, Z) which are 
natural in Z. The map uL+ is an isomorphism. 
Proof. Clearly the maps (P,,)~ yield a map p: C.(A’) --) C.(A) of complexes which 
induce ,ii, : SH,(A’) + SH,(A), n E N. 
To show that ,uk+ is an isomorphism, consider the exact sequence of groups 1 + 
ni(A’, v’) + ~I(A, v) -+ G + 1, which induces an exact sequence of E-modules 
0 + rti (A’, v/)/z’, (A’, v’) -+ q(A, v)/$ (A, v’) + H + 0 where H is a subgroup of the 
(finite abelian) group G/G’. Applying the functor Horn&--, k+) to this last sequence 
we get by 1.5 
0 - Hom&H,k’) --+ SH’(A,k+) A SH’(A’,k) - Ext;(H, k+). 
Since Chark [ IHI, then Horn&H, kf) = 0. Moreover, as Z-module, H is a direct sum 
of cyclic groups of order h 1 IHI, but Extk(H/hh,k+) 1 k+/hk+ = 0. q 
4.3. Let F : A’ -+ At/G = A be a covering defined by the action of the finite group 
G as above. We set F1 : Homk(A’,A’) -+ Homk(A,A) by Fl(f) = Ff o, where 0 : A = 
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AI/G --f A is the k-linear map 
Proposition. With the notation above, the map F’ induces a k-linear map cp: 
H’(A’) + H’(A). Moreover, if G is not trivial, then q # 0. 
Proof. We shall prove that F’ restricts to maps Imd” + Imd’ and ker d” + ker d’. 
Indeed, 
F1d’o@)(F(b)) = +,F ( ~d”IYl(llbN) = & 2 F(ag(b) - g(b)a) 
= F(a)F(b) - F(b)F(a) = d’(F(a))(F(b)). 
Let ,f E Homk(A’,A’) such that d”(f) = 0, then for F(a),F(b) E A: 
d%(f)(F(a) 8 F(b)) 
= FI(~)(F(~)) .F(b) - Fl(fW(aF’(b)) + F(a). Fl(f)(F(b)) 
= h c Kfg(a)Ng(b)) - W-dab)) + FM~)Y’(fdb))l 
BEG 
c F(d”(f’M4 @ g(b))) = 0. 
I7EG 
Therefore we get cp : H ‘(A’) + H’(A) linear. 
Assume that G is not trivial and consider the monomorphisms 2.5 r’, : 
SH’(A’,k+) -+ H’(A’) and tt :SH’(A,k+) + H’(A). Then the following diagram 
commutes: 
SH’(A’,k+) L H’(A’) 
pk+ z IT 1 v =‘(A,k+) 7 H’(A) I 
Since 0 # n’(A, v) is free, then we find 0 # S E Homz(nl(A, v)/xi(A, v), k+) = 
SH’(A,k’). Hence 0 # <l(j) = cp({i&(f)) and q # 0. 0 
Remark. Of course, it may happen that cp is not an isomorphism. As example consider 
J \ 
A’: . and A = A’IG 
2 1 
where G has order two. We have H’(A’) = k and H’(A) = k3. 
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